Probing the minimal length scale by precision tests of the muon g — 2 
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Modifications of the gyromagnetic moment of electrons and muons due to a minimal length scale 
combined with a modified fundamental scale Mf are explored. Deviations from the theoretical 
Standard Model value for g — 2 are derived. Constraints for the fundamental scale Mf are given. 



String theory suggests the existence of a minimum 
length scale. An exciting quantum mechanical implica- 
tion of this feature is a modification of the uncertainty 
principle. In perturbative string theory P, 0, the fea- 
ture of a fundamental minimal length scale arises from 
the fact that strings can not probe distances smaller than 
the string scale. If the energy of a string reaches the 
Planck mass m p , excitations of the string can occur and 
cause a non-zero extension 0|. Due to this, uncertainty 
in position measurement can never become smaller than 
l p = h/rrip. For a review, see 0,0- 

Although a full description of quantum gravity is not 
yet available, there are general features that seem to go 
hand in hand with promising candidates for such a the- 
ory: 

• the need for a higher dimensional space-time and 

• the existence of a minimal length scale. 

Naturally, this minimum length uncertainty is related 
to a modification of the standard commutation relations 
between position and momentum H Q . Application of 
this is of high interest for quantum fluctuations in the 
early universe and inflation BUEIEIOEEIH 
HtH . The incorporation of the modified commutation re- 
lations into quantum theory is not fully consistent in all 
approaches. We will follow the propositions made in 

In our approach, the existence of a minimal length scale 
grows important for collider physics at high energies or 
for high precision measurements at low energies due to 
the lowered value of the fundamental scale Mf. This new 
scale is incorporated through the central idea of Large 
eXtra Dimensions (LXDs). The model of LXDs which 
was recently proposed in UjJ 1211 l2il Ls2| might in- 
deed allow to study first effects of unification or quantum 
gravity in near future experiments. Here, the hierarchy- 
problem is solved or at least reformulated in a geomet- 
ric language by the existence of d compactified LXDs in 
which only gravitons can propagate. The standard model 
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particles are bound to our 4-dimensional sub-manifold, 
often called our 3-brane. This results in a lowering of the 
Planck scale to a new fundamental scale Mf and gives 
rise to the exciting possibility of TeV scale GUTs [23| . 

In this scenario the following relation between the four- 
dimensional Planck mass m p and the higher dimensional 
Planck mass Mf can be derived: 

m\ = R d M d + 2 . (1) 

The lowered fundamental scale would lead to a vast 
number of observable phenomena for quantum gravity at 
energies in the range Mf. In fact, the non-observation 
in past collider experiments of these predicted features 
gives first constraints on the parameters of the model, 
the number of extra dimensions d and the fundamen- 
tal scale Mf 0, E3- On the one hand, this sce- 
nario has major consequences for cosmology and astro- 
physics such as the modification of inflation in the early 
universe and enhanced supernova-cooling due to gravi- 
ton emission [U EE 123, IS E3- On the other hand, 
additional processes are expected in high-energy colli- 
sion s l30l pfll : production of real and virtual gravitons 
[H 13.1 1.31 l.35l KStl and the creation of black holes at en- 
ergies that can be achieved at colliders in the near future 
[33, El HI El EJ El El and in ultra high energetic 
cosmic rays j44(- O ne also has to expect the influence 
of the extra dimensions on high precision measurements. 
The most obvious b eing the modification of Newton's law 
at small distances |45l fitl E3- Of highest interest are 
also modifications of the gyromagnetic moment of Dirac 
particles which promises new insight into non-Standard 
Model couplings and effects [3 El El El El E3 

In this paper we study implications of these extensions 
in the Dirac equation without the aim to derive them 
from a fully consistent theory. Instead we will analyse 
possible observable modifications that may arise by com- 
bining the assumptions of both extra dimensions and a 
minimal length scale. 

In order to implement the notion of a minimal length 
Lf, let us now suppose that one can increase p arbitrar- 
ily, but that k has an upper bound. This effect will show 
up when p approaches a certain scale M / . The physical 
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interpretation of this is that particles could not possess 
arbitrarily small Compton wavelengths A = 2it/k and 
that arbitrarily small scales could not be resolved any- 
more. 

To incorporate this behaviour, we assume a relation 
k = k{p) between p and k which is an uneven function 
(because of parity) and which asymptotically approaches 
1/Lf. Furthermore, we demand the functional relation 
between the energy E and the frequency u> to be the same 
as that between the wave vector k and the momentum p. 
A possible choice for the relations is 



Lfk{p) = tanh 1/7 
L f u){E) = tanh 1/7 



P 

M f 



(2) 
(3) 



with a real, positive constant 7. 

In the following we will study an approximation, 
namely the regime of first effects including the orders 
[p/Mff. For this purpose, we expand the function in a 
Taylor series for small arguments. 

Because the exact functional dependence is unknown, 
we assume an arbitrary factor a in front of the order 
(p/M/) 3 -term. Therefore the most general relations for 
k(p) and w{E) which we will use in the following should 
be 



L f k(p) 



L f u;(E) 



— E(u) 



P 

Mf 
E 
M~ f 



P 

M f 
E 



kLf + a (kLf) 
uiLf + a (ojLf) 3 



(4) 

(5) 
(6) 
(7) 



with a being of order one, in general negative values of 
a can not be excluded. 
This yields to 3 rd order 



ldp 
hdk 



l + 3a< 



P 

Mf 



(8) 



The quantisation of these relations is straight forward. 
The commutators between k and x remain in the stan- 
dard form: 



[x,k] = iSi 



(9) 



Inserting the functional relation between the wave vec- 
tor and the momentum then yields the modified commu- 
tator for the momentum. With the commutator relation 



[x,A(k)] 



.8 A 
l ~dk 



(10) 



the modified commutator algebra now reads 
r — 1 . dp 

This results in the generalised uncertainty relation 

1 



(11) 



ApAx > 



dp 



(12) 



With the approximations 10- 0, the results of Rcf. 
are reproduced up to the factor a: 



A 2 
P 



[x,p] wiS y 1 + ' 3a J^2j 
giving the generalised uncertainty relation 



A P Ax>i^l + 3a^ 



(13) 



(14) 



Quantisation proceeds in the usual way from the com- 
mutation relations. Focusing on conservative potentials 
in quantum mechanics we give the operators in the posi- 
tion representation which is suited best for this purpose: 



P = p(k) , 
yielding the new momentum operator 
p « -ifi (1 - aLpl) d x . 



(15) 



(16) 



In ordinary relativistic quantum mechanics the Hamil- 
tonian of the Dirac Particle is 1 



H = ihd = 7 (ihfd, + m) 
This leads to the Dirac Equation 

(tf - m)ip = , 



(17) 



(18) 



with the following standard abbreviation 7^ ' A v := A 1 and 
p v = \hd v . To include the modifications due to the gen- 
eralised uncertainty principle, we start with the relation 



(19) 



as the first step to quantisation. Including the altered 
momentum wave vector relation p(k), this yields again 
Eq. (|18f) with the modified momentum operator 



(V(/c) - m)ip = 



(20) 



This equation is Lorentz invariant by construction. 
Since it contains - in position representation - 3rd or- 
der derivatives in space coordinates, it contains 3rd order 



1 Greek indices run from to 3, roman indices run from 1 to 3. 
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time-derivatives too. In our approximation, we can solve 
the equation for a single order time derivative by using 
the energy condition E 2 = p 2 +m 2 . This leads effectively 
to a replacement of time derivatives by space derivatives: 



huj^ E- aE 3 /M 2 =E[l 



PPi 



M] 



(21) 



Inserting the modified E{u>) and p(k) and keeping only 
derivatives up to 3rd order, we obtain the following ex- 
pression of the Dirac Equation: 



o#) « 7° [l l ki + - 




a- 



W) • (22) 



The task is now to derive the modifications of the 
anomalous gyromagnetic moment due to the existence of 
a minimal length. Therefore we assume as usual the par- 
ticle is placed inside a homogeneous and static magnetic 
field B. Regarding the energy levels of an electron the 
magnetic field leads to a splitting of the energetic degen- 
erated values which is proportional to the magnetic field 
B and the gyromagnetic moment g. Since the energy of 
the particle in the field is not modified (see 1(18(1 1 there 
is no modification of the splitting as one might have ex- 
pected from the fact that the particles spin is responsible 
for the anomaly. 

However, if we look at the precession of a dipole in 
a magnetic field without minimal length and compare 
its precession frequency to that of the spin 1/2 particle 
under investigation, again the factor g occurs. Without 
minimal length the frequency from quantum mechanics 
is two times the classical one. In that case a further 
modification from the minimal length are expected since 
the relation between energy and frequency is involved. 
Thus, the modification of g depends crucially on the way 
it is measured. Let us now derive this novel formulation. 

Equation l(22|) with minimally coupled electromagnetic 
fields reads: 



1 - a- 



h K % Ki 



W(23) 



where K = k + eA/H. Higher derivatives acting on the 
magnetic potential can be dropped too for a static and 
uniform field. In addition, the constant electric potential 
can be set to zero. In the non-relativistic approximation 
we can simplify this equation in the Coulomb gauge to: 



E + mF) \ X ) 



2m 



F 



2m 



a-BF) \ X ) (24) 



Therefore, the modified expression g for the gyromag- 
netic moment is: 



1 — Q 



M 2 



(26) 



The experimental data concerning the muon gyromag- 
netic moment are as follows: Davier and collaborates pro- 
vide two standard model theory results; they differ in the 
experimental input 2 used to the hadronic contributions 



expe 

m 



It is convenient to use the quantity a = (g — 2)/2: 

= 11659193.6(10.9) x 1(T 10 
a Miee = 11659169.3(9.8) x 1CT 10 



The experimental 'world average' is |55| : 

= 11659203(8) x 10~ 10 . (27) 

The results indicate that modifications to the standard 
model calculation have to be smaller than 10 -8 . This 
leads to the following constraint on the fundamental scale 
of the theory: 



1 TeV 



(28) 



As we are working within a model with large extra di- 
mensions, there might further be corrections due to gravi- 
ton loops [56II5H . However, recent calculations show that 
neither sign nor value of these corrections are predictable 
due to unknown form-factors and cutoff parameters [5^ • 

A model, which combines both Large Extra Dimen- 
sions and the minimal length scale Lf is studied. The 
existence of a minimal length scale leads to modifications 
of quantum mechanics. With the recently proposed idea 
of Large Extra Dimensions, this new scale might be in 
reach of present day experiments. The modified Dirac 
equation is used to derive an expression for the gyromag- 
netic moment of spin 1/2 particles. Our results for the 
muon g — 2 value are compared to the values predicted 
by QED and experiment. For 7 = 1 (a = 1/3), a specific 
limit on the fundamental scale Mf can be obtained from 
present g - 2 data: M f > 577 GeV. 
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with 



F 



1-a- 



fl Z K l Ki + TYl 



M 2 



(25) 



Here x is the upper component of the Dirac spinor and 
a denotes the Pauli matrices. 



2 The indices indicate the source of the vector spectral func- 
tions; they are obtained by either hadronic r decays or e + e - - 
annihilation cross-sections. 
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